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Smooth and normalized field:
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Topological phase transition:
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Figure: Topological analysis in
normalised smooth vector field.
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Wave function as a vector field?

+ Non-relativistic wave function, continuous parameter space, e.g., position and
momentum space:

U= o1 +ipy

* Unitarity:
Op+V-j=0andp=|V|* =] + ¢3

where fis derived from the Schrodinger equation (free particle):
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*+ We can thus define the velocity vector field, U % of the probability density:
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+ The velocity field:
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where § = arctan(iZ)

+ Path integral of the velocity field = adiabatic evolution in the parameter space

+ Closed path integral = adiabatic periodic evolution:
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+ The last term is complex integral, for which Cauchy integral theorem applies:
m
W= }5— dv = v, dz 1

where W is the “winding number”, which is understood as the count of
(counter-clockwise) circles around the singularity of W.
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With EM fields

+ The probability current density reads

- - q
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and the velocity field is thus:

h q
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+ The adiabatic periodic evolution:
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where the last term is the flux of magnetic field.




Magnetic Flux and Angular Momentum Quantization

* Angular momentum operator along Z: ~ ~ q ~ q

Change basis: 24, —yA, = rsinfA,
Closed integral outside the solenoid:

%Adl: %Ad,rsinedqb: Ayrsing - 27

LHS://H-dS:(I)

where ® denotes the flux of the magnetic
field.



Figure: Circular Loop (solenoid)

Closed integral outside the solenoid:
* $A-dl=A,rsing -2

- fA-dl=[[H-dS =0

It obvious that

)
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ie, A, —yA, = %. Thus, outside the
solenoid, we have
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