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Wave function in topological
sense
for CosmoLunch@ENS

Zheng Zhang

APC/ENS

(The talk was presented a while back, but the slides were last compiled on May 13,
2025.)
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Smooth and normalized field:

𝑚𝑎 = 𝑀𝑎

‖𝑀‖
Skyrmion number, or winding number:

𝑄𝑠𝑘𝑦𝑟𝑚𝑖𝑜𝑛 = 1
4𝜋 ∫ 𝑚⃗ ⋅ (𝜕𝑥𝑚⃗ × 𝜕𝑦𝑚⃗)d𝑥d𝑦

Topological charge density:

𝑞 = 1
8𝜋 𝜖0𝜇𝜈𝜖𝑎𝑏𝑐𝑚𝑎𝜕𝜇𝑚𝑏𝜕𝜈𝑚𝑐

Topological phase transition:

𝜕𝑡𝑞 = 𝐷 (𝑀
𝑧 ) 𝛿(𝑀⃗)

Figure: Topological analysis in
normalised smooth vector field.
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Wave function as a vector field?
• Non-relativistic wave function, continuous parameter space, e.g., position and
momentum space:

Ψ = 𝜙1 + 𝑖𝜙2

• Unitarity:
𝜕𝑡𝜌 + ∇ ⋅ ⃗𝑗 = 0 and 𝜌 = ‖Ψ‖2 = 𝜙2

1 + 𝜙2
2

where ⃗𝑗 is derived from the Schrodinger equation (free particle):

𝑗𝜇 = − 𝑖ℏ
2𝑚 (Ψ∗𝜕𝜇Ψ − Ψ𝜕𝜇Ψ∗) = ℏ

𝑚 (𝜙1𝜕𝜇𝜙2 − 𝜙2𝜕𝜇𝜙1)

• We can thus define the velocity vector field, ⃗𝑣 = ⃗𝑗
𝜌 , of the probability density:

𝑣𝜇 = ℏ
𝑚

𝜙1𝜕𝜇𝜙2 − 𝜙2𝜕𝜇𝜙1
𝜙2

1 + 𝜙2
2
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• The velocity field:

𝑣𝜇 = ℏ
𝑚

𝜙1𝜕𝜇𝜙2 − 𝜙2𝜕𝜇𝜙1
𝜙2

1 + 𝜙2
2

= ℏ
𝑚𝜕𝜇 [arctan(𝜙2

𝜙1
)] = ℏ

𝑚𝜕𝜇𝜃

where 𝜃 ≡ arctan( 𝜙2
𝜙1

).
• Path integral of the velocity field = adiabatic evolution in the parameter space

• Closed path integral = adiabatic periodic evolution:

∮ 𝑣𝜇 d𝑥𝜇 = ℏ
𝑚 ∮ 𝜕𝜇𝜃 d𝑥𝜇 = ℏ

𝑚 ∮d𝜃 = ℏ
𝑚 ∮ 𝑑𝜃

𝑑Ψ dΨ

• The last term is complex integral, for which Cauchy integral theorem applies:

𝑊 ≡ ∮ 𝑑𝜃
𝑑Ψ dΨ = 𝑚

ℏ ∮ 𝑣𝜇 d𝑥𝜇 (1)

where 𝑊 is the “winding number”, which is understood as the count of
(counter-clockwise) circles around the singularity of Ψ.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

With EM fields
• The probability current density reads

⃗𝑗 = ⃗𝑗𝑓𝑟𝑒𝑒 − 𝑞
𝑚𝑐A‖Ψ‖2

and the velocity field is thus:

𝑣𝜇 = ℏ
𝑚𝜕𝜇𝜃 − 𝑞

𝑚𝑐 𝐴𝜇

• The adiabatic periodic evolution:

∮ 𝑣𝜇 d𝑥𝜇 = ℏ
𝑚 ⋅ 𝑊 − 𝑞

𝑚𝑐 ∮ 𝐴𝜇 d𝑥𝜇

where the last term is the flux of magnetic field.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Magnetic Flux and Angular Momentum Quantization

• Angular momentum operator along ̂𝑧:

𝐿̂𝑧 = 𝑥 ̂𝑃𝑦 − 𝑦 ̂𝑃𝑥 = ℏ
𝑖

𝜕
𝜕𝜙

• The eigenfunctions are 𝜓𝑛 = 𝑒𝑖𝑛𝜙.

Figure: Caption

𝐿̂𝑧 = 𝑥( ̂𝑃𝑦 − 𝑞
𝑐 𝐴𝑦) − 𝑦( ̂𝑃𝑥 − 𝑞

𝑐 𝐴𝑥)

= 𝑥 ̂𝑃𝑦 − 𝑦 ̂𝑃𝑥 − 𝑞
𝑐 (𝑥𝐴𝑦 − 𝑦𝐴𝑥)

= ℏ
𝑖

𝜕
𝜕𝜙 − 𝑞

𝑐 (𝑥𝐴𝑦 − 𝑦𝐴𝑥)

Change basis: 𝑥𝐴𝑦 − 𝑦𝐴𝑥 = 𝑟 sin 𝜃𝐴𝜙
Closed integral outside the solenoid:

∮A ⋅ dl = ∮ 𝐴𝜙𝑟 sin 𝜃 d𝜙 = 𝐴𝜙𝑟 sin 𝜃 ⋅ 2𝜋

𝐿𝐻𝑆 = ∬H ⋅ dS = Φ

where Φ denotes the flux of the magnetic
field.
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• 𝐿̂𝑧 = ℏ
𝑖

𝜕
𝜕𝜙 − 𝑞

𝑐 (𝑥𝐴𝑦 − 𝑦𝐴𝑥)
• 𝑥𝐴𝑦 − 𝑦𝐴𝑥 = 𝑟 sin 𝜃𝐴𝜙

Figure: Circular Loop (solenoid)

Closed integral outside the solenoid:

• ∮A ⋅ dl = 𝐴𝜙𝑟 sin 𝜃 ⋅ 2𝜋
• ∮A ⋅ dl = ∬H ⋅ dS = Φ
It obvious that

𝐴𝜙 = Φ
𝑟 sin 𝜃2𝜋

i.e., 𝑥𝐴𝑦 − 𝑦𝐴𝑥 = Φ
2𝜋 . Thus, outside the

solenoid, we have

𝐿̂𝑧 = ℏ
𝑖

𝜕
𝜕𝜙 − 𝑞Φ

2𝜋𝑐
𝐿̂𝑧𝜓𝑛 = (𝑛ℏ − 𝑞Φ

2𝜋𝑐 ) 𝜓𝑛 = 𝑛′ℏ𝜓𝑛

Φ = 2𝜋𝑐
𝑞 (𝑛 − 𝑛′)ℏ
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